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Sr. No. of Question Paper : 756

Unique Paper Code 32351202

Name of the Paper Differential Equation

Name of the Course B.Sc. (Hons.) Mathematics

Semester 11

Duration : 3 Hours Maximum Marks : 75

Instructions for Candidates

N . . .
1. Write your Ro%‘@o. on thetop immediately on receipt
&
of this que&g n paper:
@K\

%Q.
7. All questions are compulsory.

3. Use of non—programmable scientific calculator is

allowed.

1. Attempt any three parts. Each part is of 3 marks.

(a) Solve the differential equation

(x? + y)dx — (x%y + xy?)dy = 0.

\
. P.T.O.
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(b) Solve the initial value problem
(1 +yeW)dx + (2y +xe?)dy =0, y(0) = 1.

(¢) Find the general solution of the differential equatiop

xy" + y' = 4x.

(d) Solve the differential equation

(x’y? + xy)dx = dy.

(¢) Find an integrating factor of the form xPy? and
solve the differential equation

(8x%y* — 2y*)dx + (5x3y2 = 8xy3)dy = 0.

2. Attempt any Q@parts. Each part is of 6 marks.
N

e
(a) Assu&@&hat the rate at which radioactive nucle:
d@ is proportional to the number of such nuclet
that are present in a given sample. In a certain

sample 10% of the original number of radioactive

nuclei has undergone disintegration in a period of
100 years. |

(i) What percent of the original radioactive
nuclei will remain after 1000 years?

(i) In how many years will only one-fourth of

the original number remain?
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(b) A certain city had a population of 25,000 in 1960
and a population of 30,000 in 1970. Assume that
its population will continue to grow exponentially
at a constant rate. What population can its city

planner expect in the year 20007

(¢) An arrow is shot straight upward from the ground
with an initial velocity of 160 ft/s. It experiences
both the deceleration of gravity and deceleration
v2/800 due to air resistance. How high’in the air

does it go?

(d) The following differential equation describes the
level of pollution in the lake

®

Q

Q,S\ﬁc F
‘b§~=_ci1_c
& de VT

whergg\/ is the volume F is the flow (in and out),
tion of pollution at time t and
pollution entering the
= 4 x 10% m*/month. If

C is the concentra
C,, 18 the concentration of
lake. Let = 28 % 106 m*, F
only freshwater enters the lake.

long would it take for the lake with
ation 107 parts/m?® to draw

hreshold 4x10° parts/m>?

(i) How
pollution concentr
below the safety t

(ii) How long will it take to reduce'the pollution

level to 59, of its current level?

P.T.O.
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5. Attempt any two parts. Each part is of 6 marks,

(a) Write down the word equations along with
compartment diagrams that describe the movement
of the drugs between the three compartments in
the body, the GI tract, the bloodstream and the
urinary tract, when a patient takes a single pill.
Here, the urinary tract is only an absorbing
compartment. From the word equations, develop
the differential equation system which describes
this process, defining all variables and parameters
as required.

(b) Solve the logistic differential -equation with the
initia}l condition X(0) = x,.

xS

(c) A populatug@mitially consisting of 1000 mice, has
a per c@ birth rate of 8 mice per month (per
mousej and a per capita death rate of 2 mice Per
month (per mouse). Also, 20 mouse traps are set

each.week and they are always filled.

(i) Write down a word equation describing the
rate of change in the number of mice and
hence write down a differential equatlon

for the population.

(i) Find the population of mice after 6 months:
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(d) Consider the harvesting model

4X _ xly x] 1
dt - )

(i) Find the two non-zero equilibrium
populations.

(ii) If the harvesting rate h is greater than
some critical value h , the mnon-zero
equilibrium values do not exist- and the
population tends to extinction.’ What is this
critical value h ?

(iii) If the harvesting rate h < h,, the population
may %@ extifict if the initial population X,
is @ow some critical level X . What is

(6 . . L]
le critical initial value Xc?
N

4. Attempt any two parts. Each part is of 6 marks.

(a) Find the general solution of the differential equation

3 2 dy
xsu+2x2_q_l_.10xl—8y=0,

dx> dx? dx

(b) Show that y = 1/x is a solution of y' + y? = 0, but
that if ¢ = O and ¢ # 1, then y = ¢/x is not a

solution.

PO
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wronskian to prove that the functions

o, g(x) = e k(x) = ¢

-~

Rx) =

are lincarly independent on the real line.

(d) Use method of undetermined coefficient to find

particular solution of differential

y"' =+ Y' = 2 — Sln X.

Attempt any two parts. Each part is of .6 marks.

]

(a) Find the general solution of the differential equation

y@® — 8y" + 16y =0

(b) Solve the initial value problem

14 \Q 1]
2y - 3y" 2 =07 3(0) = 1, y'(0) = -1, y'(0) = 3.
N
(c) Find@ general solution of the Euler’s equation

nr

x3y" — 3x%y" + xy' = 0.

(d) Use the method of variation of parameters to find
the solution of the differential equation
Y' + 3y + 2y = 4e.

6. <
Attempt any two parts. Each part is of 6 marks.

(a) By making appropriate assumptions develop a
model with two differential equations describing
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predator-prey interaction with DDT spray eff
; e
Check the model in the limiting case of -

(1) Prey with no predator.

(i1) Predator with no prey.

(b) In a long-range battle, neither army can see the
other, out fires into a given area. A simple
mathematical model describing this battle is given

by the coupled differential equations

g:—%‘————clRB I RB, where R: Red Army,
dt dt B
B: Blue Army where ¢, and c, are positive

constants.
N

Q) QQQ% the

@%etween R and B,
of soldiers for the t

by, TSP ectively.

chain rule to find a relationship
given the initial numbers

wo armies are I, and

(ii) Draw a sketch of typical phase-plane

trajectories.

11 the red army are visible

diers from the blue army
1sing random

soldiers fro1

but sol
the red army 18 1
es aimed firing

(c) Suppose that
to the blue army,
are hidden. Thus,
firing while the blue army us

P.T.O.
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rite down appropriate word equations
. 21\ ) ibing the rate of change of the number
escr

¢ soldiers in each of the armies.
ol S

making appropriate assumptions,

(i) BY led differential equations

obtain two coup
describing this system.

(iii) Extend the model to include reinforcements
£ both of the armies receive reinforcements

at a constant rate.

(d) The pair of differential equations

where r, y and q R@@ositive constants, is a model
for a populatigt of-microorganisms P, which
produces t&@s T which kill the microorganisms.

(i) Given-that initially there are no toxins and
pymicroorganisms, obtain an expression
relating the population density and the
amount of toxins.

(i) Give a sketch of a typical phasp-Plan‘;
trajectory, indicating the direction O

movement along the traj ectories.

(iif) Using this model, describe what happens

; . ime.
to the microorganisms over tim

(1500)
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